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Model Selection
To do statistical inference we must 
have a model 

What model should that be? 
Our goal should be to have a model that 
is complex enough to capture the 
“important” variation in the data, but not 
be more complex than it needs to be.



Which	is	more	useful?

“Reality” Detailed	map

Detailed	public	transporta8on Simplified	metro
Concept credit: Paul LewisTaken from Dave Swofford



Models	don’t	need	to	reflect	reality

"The	most	that	can	be	expected	from	any	model	is	that	it	
can	supply	a	useful	approxima8on	to	reality:	All	models	are	
wrong;	some	models	are	useful".		(George	E.	P.	Box,	1987)	

Model	selec8on	is	a	process	of	seeking	the	least	
inadequate	model	from	a	predefined	set,	all	of	which	may	
be	grossly	inadequate	as	a	representa8on	of	reality.		(J.	J.	
Welch,	2006)

Taken from Dave Swofford



Model Selection
Underfitting model: does not capture important 

variation in the data



Model Selection
Overfitting model: model captures all variation in the data, 
but is not a realistic description of the underlying process



Model Selection
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The Fundamental Tradeof



Bias-Variance Tradeoff
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Model too simple! 
We’re misinterpreting 

the data.
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Bias-Variance Tradeoff
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Model too complicated! 
We don’t have enough 

information.
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Model Selection
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The Sweet Spot



Model Selection
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Bias and Variance can be traded off in different ways. 

This leads to multiple criteria for model selection.
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More Parameters = Better Likelihood
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More Parameters = Better Likelihood
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ML-based Model Selection
If the more complex model always 

gives a likelihood that is at least as 
good as a simpler model, even if the 
simpler one is true, we need ways to 

assess whether it’s enough better to 
warrant our attention.



ML-based Model Selection

Akaike’s Information Criterion (AIC) 

Bayesian Information Criterion (BIC) 

Likelihood Ratio Test (LRT)

If the more complex model always 
gives a likelihood that is at least as 
good as a simpler model, even if the 
simpler one is true, we need ways to 

assess whether it’s enough better to 
warrant our attention.



ML-based Model Selection

Different penalties for 
extra parameters.

Akaike’s Information Criterion (AIC) 

Bayesian Information Criterion (BIC) 

Likelihood Ratio Test (LRT)

If the more complex model always 
gives a likelihood that is at least as 
good as a simpler model, even if the 
simpler one is true, we need ways to 

assess whether it’s enough better to 
warrant our attention.



Likelihood term becomes 
more negative when      

worse.

ML-based Model Selection

Akaike’s Information Criterion (AIC)
Minimum AIC preferred.

Penalty for more 
parameters (   ).

AIC = 2k � 2ln(L̂)

k
L̂



ML-based Model Selection

AIC = 2k � 2ln(L̂)

BIC = ln(n)k � 2ln(L̂)



• Calculate	"delta"	sta8s8c

If	model	0	(simpler)	is	nested	within	model	1	
(more	complex),	δ	is	asympto8cally	distributed	
as	a	𝛘2	random	variable	with	degrees-of-freedom	

equal	to	the	difference	in	number	of	free	
parameters.*

δ = 2(ln L1 - ln L0)

Likelihood	ra8o	tests

𝚓

*An	addi<onal	adjustment	is	needed	when	parameters	of	the	
simpler	model	are	at	a	boundary	of	the	parameter	space	for	the	
more	complex	model,	but	we	won’t	worry	about	that	here

Taken from Dave Swofford



ML-based Model Selection

LRT
Hypothesis test

Pairwise

Difference in 
free parameters

If the simpler model is true, twice the difference in log-likelihoods 
between the true and more complex model will follow a Chi-
squared distribution with d.f. = the difference in complexity 

between the models. 

Only for nested models (simple = restriction of complex)



Hierarchy of Phylogenetic Models

jModelTest Manual



For phylogenetic 
model comparisons, 

need to use the same 
tree topology! 





Bayesian Model 
Selection



Bayesian Model Selection

P (✓|D) =
P (D|✓)P (✓)

P (D)



Bayesian Model Selection

P (✓|D) =
P (D|✓)P (✓)

P (D)

P (✓|D,M) =
P (D|✓,M)P (✓|M)

P (D|M)



Bayesian Model Selection

P (✓|D) =
P (D|✓)P (✓)

P (D)

Marginal Likelihood
Probability of the data given the model, 

considering uncertainty in model parameters.

P (✓|D,M) =
P (D|✓,M)P (✓|M)R
P (D|✓,M)P (✓|M)d✓



Bayesian Model Selection

Marginal Likelihood
Essentially, the weighted average 
likelihood, weighted by the prior 

probability of different parameter values.

P (✓|D,M) =
P (D|✓,M)P (✓|M)R
P (D|✓,M)P (✓|M)d✓



Marginal Likelihood Example

Sp. A Sp. B

Evolutionary Distance

Compare JC and K80 models

v: edge length 
estimated in both models 

k: transition-transversion ratio 
estimated in K80 and fixed at 1 for JC

Example taken from Paul Lewis - Workshop on Molecular Evolution 2016



Marginal Likelihood Example

Paul O. Lewis (2016 Woods Hole Molecular Evolution Workshop) 97

Likelihood Surface when K80 true

JC69 model (just this 1d line)

K80 model (entire 2d space)sequence length = 500 sites 
true branch length = 0.15 
true kappa = 5.0

K80 wins

Based on simulated data:


(branch length)(trs/trv rate ratio)

⌫

Assume joint prior is 
flat over the area 

shown.
JC (just 1D line)

K80 (whole 2D plane)

v

Simulation Conditions 
Sequence length: 500 bp 

True v: 0.15 
True k: 5.0

k

Prior is flat over whole area.

Example taken from Paul Lewis - Workshop on Molecular Evolution 2016



Marginal Likelihood Example

Paul O. Lewis (2016 Woods Hole Molecular Evolution Workshop) 97

Likelihood Surface when K80 true

JC69 model (just this 1d line)

K80 model (entire 2d space)sequence length = 500 sites 
true branch length = 0.15 
true kappa = 5.0

K80 wins

Based on simulated data:


(branch length)(trs/trv rate ratio)

⌫

Assume joint prior is 
flat over the area 

shown.
JC (just 1D line)

K80 (whole 2D plane)

v

Simulation Conditions 
Sequence length: 500 bp 

True v: 0.15 
True k: 5.0

k

Prior is flat over whole area.

Example taken from Paul Lewis - Workshop on Molecular Evolution 2016

K80 wins!



Paul O. Lewis (2016 Woods Hole Molecular Evolution Workshop) 98

Likelihood Surface when JC true

sequence length = 500 sites 
true branch length = 0.15 
true kappa = 1.0

JC69 model (just this 1d line)

K80 model (entire 2d space)

JC69 wins

Based on simulated data:


(branch length)(trs/trv rate ratio)

⌫

Assume joint prior is 
flat over the area 

shown.

Marginal Likelihood Example

JC (just 1D line)

K80 (whole 2D plane)

v

Simulation Conditions 
Sequence length: 500 bp 

True v: 0.15 
True k: 1.0

k

Prior is flat over whole area.

Example taken from Paul Lewis - Workshop on Molecular Evolution 2016



Paul O. Lewis (2016 Woods Hole Molecular Evolution Workshop) 98

Likelihood Surface when JC true

sequence length = 500 sites 
true branch length = 0.15 
true kappa = 1.0

JC69 model (just this 1d line)

K80 model (entire 2d space)

JC69 wins

Based on simulated data:


(branch length)(trs/trv rate ratio)

⌫

Assume joint prior is 
flat over the area 

shown.

Marginal Likelihood Example

JC (just 1D line)

K80 (whole 2D plane)

v

Simulation Conditions 
Sequence length: 500 bp 

True v: 0.15 
True k: 1.0

k

Prior is flat over whole area.

Example taken from Paul Lewis - Workshop on Molecular Evolution 2016

JC wins!



Marginal Likelihood Example

Important contrast with ML-based model 
selection: by marginalizing, rather than 

maximizing, marginal likelihoods automatically 
account for extra parameters.

More complicated models can have lower 
marginal likelihoods.



The Bayes Factor

K =
P (D|M1)

P (D|M2)
=

R
P (D|✓,M1)P (✓|M1)d✓R
P (D|✓,M2)P (✓|M2)d✓

<latexit sha1_base64="NvsBIBb0elGAM74adq9Md5RmQkc="></latexit>

Ratio of the probability of the data under two models
Note that this is related to the LRT



Bayes Theorem

Posterior Prior
Likelihood

Normalizing Constant 
(Marginal Likelihood)



Odds Ratios

P (H1|D)

P (H2|D)
=

P (H1)P (D|H1)
P (D)

P (H2)P (D|H2)
P (D)



Odds Ratios

P (H1|D)

P (H2|D)
=

P (H1)P (D|H1)
P (D)

P (H2)P (D|H2)
P (D)



P (H1|D)

P (H2|D)
=

P (H1)P (D|H1)

P (H2)P (D|H2)

Odds Ratios



Odds Ratios

P (H1|D)

P (H2|D)
=

P (H1) P (D|H1)

P (H2) P (D|H2)

Posterior Odds Prior Odds Bayes Factor



Odds Ratios

Posterior OddsPrior Odds Bayes Factor

P (H1) P (D|H1)

P (H2) P (D|H2)
=

P (H1|D)

P (H2|D)



https://revbayes.github.io/tutorials/model_selection_bayes_factors/bf_intro.html

Interpreting Bayes Factors



Now we have tools to 
select the “best” or most 

useful model from our 
set… 

…but does that model 
capture the important 

features of our data well?



Now we have tools to 
select the “best” or most 

useful model from our 
set… 

…but does that model 
capture the important 

features of our data well?



Assessing Model Fit is Standard 
Practice in Many Areas

Standard Linear Regression Assumptions 

Weak exogeneity 
(predictor variables have no error) 

Linearity 

Constant variance 

Independent errors 
(phylogenetic comparative methods)

Figure and assumptions from: https://en.wikipedia.org/wiki/Linear_regression 



Being Able to Fit a Model Does Not 
Mean That it Fits Well

From https://en.wikipedia.org/wiki/Anscombe%27s_quartet

Anscombe’s 
Quartet



Common Phylogenetic Assumptions 
(Homogenous GTR-class)

A C A ?

Evolution is Markovian 
Sites Evolve Independently 

Base Frequencies Constant Across Taxa 
(Groups of) Sites Evolve Under Same Dynamics 

Sites Do Not Change How They Evolve Across a Tree



All 
Possible 

Ways 
Genes 
Could 
Evolve

Model Space (conceptual)



Model Space (conceptual)

All 
Possible 

Ways 
Genes 
Could 
Evolve

The 
Types of 
Evolution 
That We 
Model 
Well



Our Hope
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Our Fears
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The Probable Truth

All 
Possible 

Ways 
Genes 
Could 
Evolve

The 
Types of 
Evolution 
That We 
Model 
Well

Reliable

Hmmm…



Model Development

All 
Possible 

Ways 
Genes 
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The 
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Well



Knowing When We’re Doing Well

All 
Possible 

Ways 
Genes 
Could 
Evolve

The 
Types of 
Evolution 
That We 
Model 
Well



Absolute Model Fit

All 
Possible 

Ways 
Genes 
Could 
Evolve

The 
Types of 
Evolution 
That We 
Model 
Well



Conflict Within the Mitochondrion

[11:02 2/8/2018 Sysbio-OP-SYSB180012.tex] Page: 852 847–861
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FIGURE 2. Two-dimensional NLDR representations of treespace for 13 mitochondrial genes based on RF distances between trees. Each point
represents a tree taken from the posterior distribution of a given gene.

TABLE 2. Gene tree variation found in this study when compared with several other studies that focused on gene tree heterogeneity using
multiple nuclear loci

Data set Taxa Genes Distinct trees Percent of possible trees found Source

Crocodilians 20 13 12 92 This study
Turtles 53 13 13 100 This study
Squamates 120 13 13 100 This study
Amphibians 157 13 13 100 This study
Birds 253 13 13 100 This study
Mammals 575 13 13 100 This study
Yeast 23 1070 1070 100 Salichos and Rokas 2013
Vertebrates 18 1086 299 28 Salichos and Rokas 2013
Metazoans 21 225 224 99.5 Salichos and Rokas 2013
Eutherian mammals 37 447 440 98.3 Song et al. 2012
Land plants 32 184 182 98.9 Zhong et al. 2013
Tomatoes 29 2745 2743 99.9 Pease et al. 2016

it improbable to sample any individual topology more
than once. In conventional phylogenetic analyses, where
node probabilities are of primary interest, this issue is
solved simply by summing up how frequently different
bipartitions are sampled, rather than whole topologies.

However, it becomes problematic when focusing on
the frequencies of unique topologies, as we do here
with the entropy test statistic. While large PPES for
entropy might be meaningful for smaller data sets, it is
unlikely that they represent extremely poor fit between

D
ow

nloaded from
 https://academ

ic.oup.com
/sysbio/article-abstract/67/5/847/4877124 by Louisiana State U

niversity user on 23 O
ctober 2018

Richards, Brown, Barley, Chong, Thomson. 2018. Systematic Biology.

Because mt genes  
are linked,  

we expect inferred  
gene trees to 
 be the same.



Phylogenetic Posterior Prediction

Could the model plausibly have  
generated the data?

Could          have come from P(     ,        |         )?                         
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Posterior Predictive Simulation
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Posterior Predictive Simulation
P(     ,        |         )                        

A 

C 

G 

T 

A 

C 

G 

T 

1 2 3 4 5 6 7

1
A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 

A 

C 

G 

T 2 3 4 5 6 7

1 2 3 4 5 6 7
Posterior Predictive Distribution



Posterior Predictive Tests
T(        )

T(        )
T(        )

T(        )
T(        )

T(        )
T(        )

T(        )
1

2
3

4
5

6
7

Good Model

Bad Model



Posterior Predictive P-Values

Good Model

Bad Model

0.3
0.0



Pipeline self-
contained and 

highly customizable.

Phylogenetic Posterior Prediction (P3)  
in RevBayes

Höhna, Coghill, Mount, Thomson, Brown. 2018. Molecular Biology and Evolution.



The pitfall of having genomic data  
and spending less time thinking  

about our models.
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Posterior Prediction

microbewiki.kenyon.edu

phylopic.org

Yeast 
343 orthologs 

18 taxa 
Hess & Goldman (2011)

Amniotes 
1,145 orthologs 

10 taxa 
Crawford et al. (2012)

Best Fit

Worst Fit

Doyle, Young, Naylor, Brown. 2015. Systematic Biology.

http://microbewiki.kenyon.edu
http://phylopic.org


Posterior Prediction

Yeast!
343!orthologs!

18!taxa!
Hess!&!Goldman!(2011)!

Amniotes!
1145!UCEs!
10!taxa!

Crawford,!Faircloth,!McCormack,!!
Brumfield,!Winker!&!Glenn!(2012)!

!

Lowest!!
10%!

Highest!!
10%!

DECILE 1
34 Genes

DECILE 3
34 Genes

DECILE 2
34 Genes

DECILE 4
34 Genes

DECILE 5
34 Genes

DECILE 6
34 Genes

DECILE 7
34 Genes

DECILE 8
34 Genes

DECILE 9
34 Genes

DECILE 10
34 Genes

Randee Young 
Undergraduate Researcher

Vinson Doyle 
Postdoctoral Researcher

Best Fit

Worst Fit

Doyle, Young, Naylor, Brown. 2015. Systematic Biology.



Posterior Prediction
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Doyle, Young, Naylor, Brown. 2015. Systematic Biology.



Posterior PredictionFr
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Posterior Prediction

microbewiki.kenyon.edu

phylopic.org

Yeast
343 orthologs 

18 taxa 
Hess & Goldman (2011)

Amniotes
1,145 orthologs 

10 taxa 
Crawford et al. (2012)

Trees More 
Reasonable

Trees Less 
Reasonable

Doyle, Young, Naylor, Brown. 2015. Systematic Biology.

http://microbewiki.kenyon.edu
http://phylopic.org


How consistent is poor model fit?

Kylie Domangue

(And how common is poor model fit?)
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How consistent is poor model fit?

Gene 1 Gene 2 Gene 3 Gene 4

If the same genes 
always fit poorly, 

we can target 
others…and try to 
figure out what’s 

going on.



How consistent is poor model fit?
213 highly curated orthologs from mammals (OrthoMam)

We divided taxa into 3 monophyletic groups:

Carnivores 
11 spp.

Rodents 
23 spp.

Primates 
25 spp.

Analyzing and comparing many test statistics.
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Model Fit 
Clade A

Model Fit 
Clade B

Good Fit Poor Fit

Good Fit

Poor Fit

Consistent 
Model 

Fit
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How consistent is poor model fit?
Mean GC content at 3rd codon positions
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How consistent is poor model fit?
Mean GC content at 3rd codon positions

Consistent, but often poor
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How consistent is poor model fit?
Mean GC content at 3rd codon positions

Poor fit could be improved with a partitioned model.
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How consistent is poor model fit?
Variation across taxa in GC content at 3rd codon positions



How consistent is poor model fit?
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How consistent is poor model fit?
Variation across taxa in GC content at 3rd codon positions
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How consistent is poor model fit?
Variation across taxa in GC content at 3rd codon positions
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How consistent is poor model fit?
Variation across taxa in GC content at 3rd codon positions
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No commonly used models account for this variation.
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Variation across taxa in GC content at 3rd codon positions
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subject to a strong 

mutational bias.



How consistent is poor model fit?
Variation across taxa in GC content at 3rd codon positions

No commonly used models account for this variation.

~30% increase in  
GC content relative to 

other rodents!

Increase in GC 
confined to 3rd codon 

positions.

Five genes seem 
subject to a strong 

mutational bias.

Increase in GC


