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Probabilities: the AND rule

Rolling 2 dice, what is the probability of seeing (simultaneously) a
| on the first die and a 6 on the second die!

(1/6) x A = e
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AND rule in phylogenetics

Glnetiscioliihed- INErlie
V3 in phylogenetics is to
(v
\ /DAC 1) combine probabillities

assoclated with individual
branches to produce the
pAA (v2) overall probability of the

data for one site.

paa(vi)

/

probability of probability of
A at tip given LAre— starting with A

A at root at the root
Pr(A, A C, A A) =74 Paa(v1) Paa(v2) paa(vs) pac(va)

MOLE 2024 Paul O. Lewis



Probabllities: the OR rule

Rolling | die, what Is the probabllity of seeing erther a | or a 6!

Ot

(1/6) 4 AU = e
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Combining AND and OR

What is the probability that the sum of two dice Is /¢

M) M) ) M =) M =) M =)
® ® o0 o0 o0
® ® ® ® o0
® o0 o0 o0
— — — — — —
M ) M ) M ) ) M) M)
o0 0 o0 ® ®
o0 ® ® ® o
o0 o0 o0 ®
— — — — — —

e s e e e e =
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Using both AND and OR In phylogenetics

AND rule used to compute probabllity
of the observed data for each

combination of ancestral states.
pAA US pAC U4
”01

pAM@) BN =

OR rule used to combine over all 16
combinations of ancestral states.

Pr(A,A,C) = Pr(A,A,CAA)+ Pr(A,A,CAC)+. + Pr(AA,CTT)
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Independence

Pr(A, B) = Pr(A) Pr(B)

Probability of flipping a coin twice and
getting heads both times:

Pr(H,H) = Pr(H) Pr(H)
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Non-independence

Pr(A, B) = Pr(A) Pr(B|A)

f f
joint probability conditional probability
of A and B of B given A

Pr(walk to work|sunny) = 0.99
Pr(walk to work|raining) = 0.50
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Non-independence In phylogenies

Normally, or o given poftesaens s i ez C .......
substitttionand time the i T, ............ $ :
probability of the end state is P4 less probable

dependent on the starting state

p(C|C,v) > p(C|T,v)

poc(v) > pro(v) 7 more probable

common notation for
transition probabilities
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Condrtional Independence

Pr(AB|C) = Pr(A|C) Pr(B|C)

A G G i @ &

FHAGGICGrcey = Bl GG lee | PrihC e
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Likelihood
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Likelihood tclls you how surprised
you should be at the observed data

High likelhood = less surprised

Low likelihood = more surprised



Why do we need the term likelihood!’

Outcome Fair coin model Two-heads model
H 0.5 } I
Likelihoods of models
T 0.5 D given one particular data
T —— outcome are not
expected to sum to 1.0
I I
Probabilities of data PrObalbIIIty of the data
outcomes given one given the model
particular ngel S Likelihood of the model

given the data
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Likelihood of a single vertex

First 32 nucleotides of the N-globin gene of gorilla:

©® GAAGTCCTTGAGAAATAAACTGCACACACTGG

\\\\

L =Pr(G) Pr(A) Pr(A) Pr(G) Pr(T) Pr(G)
I e A N T T e

G )
Li= oy W Wy W

log L = 12log(ma) + 7log(me) + 7log(mwg) + 6log(7r)

MOLE 2024 Paul O. Lewis



Natural logarithm

ikelihood
0.0 L 05 10
- | |
i o
log(L) |- Likelihood values can become so
e 5 small that computers cannot
"""""" distinguish them from zero.
? 4 . .
Using the natural logarithm of the
4 ikelihood (the log-likelihood)
prevents such "underflow"
9 A (in many calculators, you must use In(x) rather than log(x) to take the natural log of the value x)
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Likelihood of a single-edge tree

ITwo nodes have sequence data (but only for two sites)

root

GA @@ GG
L : Zal
L= ) vy

< site | > < site 2 %

Each site likelihood is the probabllity of the starting state at the root
(1/4) times the transition probability (probability of the end state given
the starting state)
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What Is the edge length V!

Expected
numlbelr o o wsUBSHUton :
supstitutions = . X time
. rate per site
PERSie
1% = 35 X t

A
iy
Boop p
e ki N

& G e

3 possible substitutions, each of which happens with rate f
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Jukes and Cantor (1969)

JC69 model to: Parameters: B
A € G 38
A=l 8Bl e
€ Salienis et
from:
G D e b
T o 5 B8




Maximum likelihood estimation

=[G (@) G-

0.065 Is the maximum likelihood estimate (MLE) of v

gorilla GAAGTCCTTGAGAAATAAACTGCACACACTGG
orangutan GGACTCCTTGAGAAATAAACTGCACACACTGG

0.00 0.05

MOLE 2024 Paul O. Lewis

0.10 0.15 0.20



-quilibrium Frequencies

Imagine a bottle of perfume
has been spilled in room C.

The doors to the other

rooms are closed, so the

perfume has, thus far, not
been able to spread.

VWhat would happen if we

opened all the doors!
Architect: Joe Bielawski
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-quilibrium Frequencies

At the instant the doors
open, perfume molecules...

enter room A at rate p
enter room [ at rate p
efcr Fee G dtrae

enter room C at rate -3/

(you could also say they leave C at rate 35)
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At equilibrium, the relative
concentration of perfume s

equal in all rooms

1.00

| initial rate —33

0.75
I

0.50
I

/ initial rate ﬁ

I I
0.0 0.5 1.0

0.25
}

0.00
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Iransrtion probability demo

https://plewis.github.io/applets/|c-transition-probabilities/
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https://plewis.github.io/applets/jc-transition-probabilities/

Sequence data for four taxa

one site

Sphagnum GGCAGCATTTCGAATGACTCCTCAACCTGGAGJAJCACCCG...
Asplenium GGCAGCTTTCCGGATGACCCCACAACCCGGAGIAICAGCTG. . .
Picea GGCAGCATTCCGAGTAACTCCTCAACCAGGGG]GECGCCCG. ..
Avena GGCAGCATTCCGAGTAACTCCTCAACCTGGGGYTICGCCGG. . .

e A B e S e T e e e B e e e T T s G T
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Likelihood for tree (one site)

Vs is the expected number of

substitutions for just this
one branch
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Total likelihood

1= L1L2 Ln

S|te | S|te 2 S|te n

.

logl =logli+1loglo+  +loglL,
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Jukes and Cantor (1969)

JC69 model . Parameters: [

A € €
Al 3B 3 5

@ SRl
G B D SO
o laeld 5 s e 2300

from:

ey D S




Kimura (1980)

K80 (or K2P) model Parameters: a, f
A G G i
Al A28 B a B
€ o ~ (e 0 B Q
G ot o ol a2 g
Lo o A —a—28
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Kimura (1980)

K80 (or K2P) model k=a/f Parameters: «, f
A G G i
Aol e o) 5 K b
€ 3 —B(k + 2) B K
G K B —B(k + 2) B
i B KD B —pB(k +2)




Transition-transversion (rate) ratio

& i

'\ transversions/t
transition: rate =«

ﬁ\ / 6 transversion rate = b
A

assume o = f§
‘ fransitionlransversien rateiratio =150

transition (8 transition-transversion ratio = 0.5

l

G
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Felsenstein (1981)

F8| model Parameters: u, ma, mc, G
A € G T
Al il ) ToM TG T
G T AN =l ) TGH T
G TAMN urefl s el T
L amiy Top TGH = Ul = )
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Molecular Evolution

2015 Workshop In
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JC69 1s a special case of F3 |

A
MR
€y
G| 3w
T| 3w
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D e

G B
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Hasegawa, Kishino, and Yano (1985)

HKY85 model

A
[ —p(me + wgk + 7o)

TAM

TAUK

G

TAM
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Parameters: u, @, TTA, TIC, ngJ

T these are global

parameters
one parameter in each model Is (apply to all

associated with the length of an edge  edge lengths)

& G iE
TC W TGUK T ]
—u(ma + g + TTK) el T K
oM —p (Tak + 7o + 1) T
Tk urelt = il a e o




Tavareé (1986)

GTR model
A
A E Eosn
C TAM G
G | mapb
T | mapc
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7TC,u@ 7'('(;,L@ 7TT,L@_
Wg@ WT,LI@

7Tc,ud

TCW €

Tl

rou(d)

Parameters: ?

exchangeability
parameters are
circled



T1ime reversibility

Time reversibility means...

Pr(A) Pr(G|A,v) = Pr(G) Pr(A|G, v)

Time reversibility allows any point
on the tree to serve as the root,
and thus has some practical
advantages, but time reversibility is
not a requirement for substitution
models used in phylogenetics
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Rate heterogenerty
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Green plant rbcl gene

First 88 amino acids (translation is for Zea mays)

M--S--P--Q--T--E--T--K--A--S--V--G--F--K--A--G--V--K--D--Y--K--L--T--Y--Y--T--P--E--Y--E--T--K--D--T--D--I--L--A--A--F--R--V--T--P--

Chara (green alga; land plant lineage) AAAGATTACAGATTAACTTACTATACTCCTGAGTATAAAACTAAAGATACTGACATTTTAGCTGCATTTCGTGTAACTCCA
Chlorella (greenmaliga)y iyt Salif e idids s i temat T 2 ah: C R G izl Somtay S g T CC N CHAR et Cry S T2 COTE HAR G CN ARG, T
Volvox (grEe oDt A G M g N ) et e oK ot tehio TCAT P PSSt AT e CrP T GTE  GTANR SIS (46 o FOaR T S g oh N s e Y e ANGS A
Conocephalum (8 Re B2 o T 1o % 2 o) IO TS oD SRR Tk i i U T ) TS AT 1 O O vty I Ty e s i s ae G S TS i G e ot Y v S GrY. T S P 8 AN KTy ATTAAIGr. R T
Bazzania (IO SS ) e o g i & L N e T et S s < TS S v Taiets T et S Ch 28 Trrs s G e AV GRHGHARCE o Grta AN AT s o G AP ATEN DTS RSN GRS C
Anthoceros (ROTNWO L) Fass Satty (. B s st G e fi e RIS e S R s e CCET . fr . CRa RS R C G G C G R S G SARGE Ci T AA NGl P o ay
Osmunda (T 5 ) AN S R R o a4 At 1 i i e e 5 SR A P O PC A DG r: Gt LIl S CHE T2 G GICI S G = 7 IS A Grg AR CL i AR . Gl C
Lycopodium (club "moss") e GG 2R S ot e ettt S CralanCLr S Swss T NENE GAT: CEEA Y A IS T X R CY. Gl AN T AASGniyr. T
Ginkgo (gymnosperm; Ginkgo biloba) = .............. GRSt TS P SR i A C A N G n e it T3 Che G DVRENGI=E (O3 T N b T
Picea (YIMNOSPE M) RS Pl C S e s R b S [ S A S T T e AR CAGITRC st e (@ A Gl s AV = Cra AR e g e T
Iris (Fllowe r i ng Rl an ) e e R T s (B ot A0S G oo 0r 8- o B TrAC Gl T Gl Loy Skt N R Gl (GE DI i+ CEPAR N BT T
Asplenium (Eernt; i spl e enWO LT )t o o e e e P e TCECY Ghiairies TG N LA C N AT CF RS G G s v s Cr TN G G VA TSN CL S GANGREIC

Nicotiana (flowering plant; tobacco) = ..... G o AT oW G o o Lok b ey O R kR CC N C oG TN o T AT NGOG AT Vs (05t - SRR MR 1 5 T

Q--L--G--V--P--P--E--E--A--G--A--A--V--A--A--E--§--§--T--G--T--W--T--T--V--W--T--D--G--L--T--S--L--D--R--Y--K--G--R--C--Y--H--I--E--
CAACCTGGCGTTCCACCTGAAGAAGCAGGGGCTGCAGTAGCTGCAGAATCTTCTACTGGTACATGGACTACTGT TTGGACTGACGGATTAACTAGT TTGGACCGATACAAAGGAAGATGCTACGATATTGAA

..... PR B N e N R T T S s e e e R e e A, R ST e et N Ryl el RO IR en s G5 RVSTONY e TR 20,0 K T e )
..... N Eop R R o BN SRR D, R R WY e e nt Rt WP Gl BRI A e o e N i SO i ARV T o Rt
e R T TP A Ry Cat S T AN S R e T e IR AW IR G o BICC s T T T S AL i (o
..... Gore QS R A s r e A Gl A [T et o B B SN T s b S O G e B B ST TS C A < O Ch T T S e L S R e
I A U VC L SN Ll PAG A I T o W ol 5 LR O N NN O | e S I Co S C AL EC T it G Cryhrs
..... G TR Y GO g S e T e o N R g R S SR 2 G ATl e M o (P G U S N GRNTCE  e  I JEE
.. A..... CRUEL A AT RE S0k S - LAy R0y (ch a Rt SN A SRS N Bt elS clmaieate to SEaue ehe it ol s i o VO
........ B G S T T G N A e G G Et et i o e Tl e E I T e M s G S S B 4
..... g B et e L e R W W R, e e ol e N SR RN A B L R S G4 AT O, e PN T o B ARG DL E A
..... S G oo (ST R SR A o o SR e R el e e v S R T e Ao il e A et ol g A ST S A CHG T e e
..... ExBINCRTT e VI SRES s G, S N G R G e A N S s I R e S S G oy e T I - A C EAU S O M R
........ B T R C S T e B Rt S, e T R e P e A D R N T P g N e R O T O S
All 4 bases are ...while at other
observed at sites, only | base
some sites... is observed
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Site-specific rates

Each defined subset (e.g. I st+2nd pos. versus 3rd pos.) has its own relative rate

CACCGGGTCCCCGAGAGCGGGCGCGTGCGCGATCTCACGGACTGACACGTTGACGAGGTTACAGTTGACGTAAAGGAGTGTAGAATGA

............................................................................ Covevecennnn
................ TGeveeeeoceoccoscaosossosscssscssosscsssssosscsssssesssesssCocecccenceeCinacanccnns
cececcenan Getereeeeeeteaocaosccossoscaossoasssssssscsscsnss C....AC....cceccun C.cvnt G....
.......................................................... C.....C.eevveeeeeeCuincnnccnnen
P C..... Coveeeennnnn Coverennnnnn
.......... L A
| R, C..... Coveeennnnnn Coverennnnnn
.......................................................... CoveeeCivennnnnccescccnnnnncns
.......................................................... CeeeeeCoeeeeneeeeCinennccnnnn
.......... GeceoeeeecctsocosccctsccosocscccssscscscssccscsscssseslCecceeCocececccescCiceccConnnn
.......... GeceteeoeecetsccoocctsccocsccsccoscscscscsscoscsscscsccssscsseseslecececccescConecnccnnns
S e et ccetcceecetccetec et ccesc et ecescetcces s et csessssesoesn e C.cecv Ceveeennnnnn C..... CG....

r, applies to subset | r, applies to subset 2

| st+2nd codon positions 3rd codon positions

(sites | - 88) (sites 89-132)

Relative rates have mean [.0: 7°7 p(’l"l) -+ 79 p(’l"g) —3l;
2/3 1/3
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Site-specific rates

Lz\p(y1|7“1) p(yss|T1) p(ysolr2)  p(yi32|re)

N Y s s T R
T T T T e

|st+2nd codon positions 3rd codon positions
N4

mean relative rate:
(0.12255)(2/3) + (2.75490)(1/3) = 1.0

ro = 2.75490

MOLE 2024 Paul O. Lewis



Site-specific rates

JC69 transition probabilities that would be used for
every site if rate homogeneity were assumed:

~4ft C———C

identity

™

AIEE . Cemm———— ]

difference

Q!
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Site specific rates

JC69 transition probabilities that would be used for sites in subset 1I:

oy

Filt) = + 16_4“&
Pan e
Futl)' s o 16_4“&

JC69 transition probabilities that would be used for sites in subset 2:

56—4?"2,875

1

A

el
Fllhea ZG_MQW
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Mixture models

All k relative rates applied to every site

Q--L--G--V--P--P--E--E--A--G--A--A--V--A--A--E--§--§--T--G--T--W--T--T--V--W--T--D--G--L--T--S--L--D--R--Y--K--G--R--C--Y--H--I--E--
CAACCTGGCGTTCCACCTGAAGAAGCAGGGGCTGCAGTAGCTGCAGAATCTTCTACTGGTACATGGACTACTGTTTGGACTGACGGAT TAACTAGT TTGGACCGATACAAAGGAAGATGCTACGATATTGAA

..... D S T\ e s G AT ccoccoca®WooWocoocoooooaNocooo®ooooonooctBets s oo o@s oBo @
..... A..T...............TGT..T g-.A........T..T.....A...C.T.....T........TC.T..T..T..C..C..G
0o@sco00 G..A...G.A........... A ..TC.T....ACC.T..T..T..T WCs 000000 T.G...... Cc
cccoo Bo ofNo ofdo 00000000000 00000 A 0008680 o5 515 o TS5 0000a0 (LIS G G
Mo cooldoc@cc@cococcocaccacocos A HC CRyTIAp— Wococoooo W8osccocoooo (GRS

..C..A..A..GG....G..... T..A 0 o@oo oo o S 0@ 8o ccoccocoocoscooe
....T...A..A..... C..G..... G..A 00G6G0 1o cBo 000000 0WEEs 60060 T..A......
........ A..G........G.....G..A 0 0@oTo 05 o5 6 660860000 T..C..C..G
..... A..G..G..G..C..G.....G..A ..C.T..T..T.....G..GC.......T..C..C..G
..... CccldococcBocococcocc®ecoco ) T Tt Ty P CHCIN GG
..... C..A..A...G..........C..A oH8o'Wo 600015 0000@0cE@80 0000000000080 0@
........ Mo oo000000000000000000000800@c0000000 .cC.T..T..T........GC........CGC..C..G

Invariable sites () model

Common examples :
P Discrete Gamma (G) model
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Invariable sites model (Reeves 1992)

L; = p(y;|r1)p(r1) + p(yi|r2)p(ra2)

L’L e p(yi‘o'())pinvar _I_ p(y’b"r2) (1 R pinvar)
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Discrete Gamma model (Yang [994)

No relative rate is exactly 0.0,and all are equally probable

Q--L--G--V--P--P--E--E--A--G--A--A--V--A--A--E--S--§--T--G--T--W--T
CAACCTGGCGTTCCACCTGAAGAAGCAGGGGCTGCAGTAGCTGCAGAATCTTCTACTGGTACATGGACTACTGTTT!
..................................................................................................................................
..................................................................................................................................

--T--D--G--L--T--S--L--D--R--Y--K--G--R--C--Y--H--I--E--
GGACTGACGGATTAACTAGTTTGGACCGATACAAAGGAAGATGCTACGATATTGAA

.................................................................................................................................
.................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
.................................................................................................................................
..................................................................................................................................
.................................................................................................................................

site i

et (3) 00 (2) s (2) s ()

Relative rates are determined by a discrete gamma distribution

Number of rate categories can vary (4 used here)
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Relative rates in 4-category case

1
o

O% Boundaries (dotted lines) are placed so that
(> each category represents |1/4 of the distribution

0.8 YO% (i.e. 1/4 of the area under the curve)
0.6 X

. 6/7 ) Representative rates (ri, 12, 13, r4) are
0.4 . . &/g}, the means of each category

0.2] =037 fH r,=0477 t, = 1.000 : I = 2386
SL 28 I
0 0.5 1 1eh 2 258
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(Gamma distributions

1.4

1.2

(%)
=
0
> 08
| e
g
S 06
R
S04
e
)
& 02
o

0
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-

larger shape means
less heterogeneity

The mean relative

rate equals 1.0 for
all three of these

distributions

2 3 4
relative rate







~ (Coffee Break ~
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