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Probability
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Probabilities: the AND rule

Rolling 2 dice, what is the probability of seeing (simultaneously) a
[on the first die and a 6 ohthe secold die!

(1/6) x Qi = e
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AND rule in phylogenetics

2 A\ C Olnetisciofitic’ INE)rle
p(AlA, v3) C|A va) In phylogenetics Is to

/ \ combine probabilities

S assoclated with individual

p(A|A, vy) C at end given branches to produce the
p(A|A,vy)  Aatstart overall probabllity of the

data for one site.

probability of
WA == slarting With/A
at the root

p(A7 Av Ca A,A’ﬂ',l/) e Lt p<A|Avvl) p(A‘A,’Uz) p<A’A7'U3) p(C‘A7’U4>

Note: pi is just a symbol here; no
relation to the famous constant
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Probabllities: the OR rule

Rolling | die, what Is the probabllity of seeing erther a | or a 6!

0O o

(1/6) 4 A —me s

MOLE 2025 Paul O. Lewis



Combining AND and OR

What is the probability that the sum of two dice Is /!

M) M) ) M =) M =) M =)
® ® o0 o0 o0
® ® ® ® o0
® o0 o0 o0
— — — — — —
M ) M ) M ) ) M) M)
o0 0 o0 ® ®
o0 L ® ® o
o0 o0 o0 ®
— — — — — —

e e s e s =
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Using both AND and OR in phylogenetics

A A & AND rule used to compute probability
\ / of the observed data for each
p(ClA, v4 combination of ancestral states.

o P> 9 3

OR rule used to combine over all 16
combinations of ancestral states.

90 @ - ®

p<A’A,C) o p(A’A,C’A”AQ_'_ p<A’A’C’A’C>+'"+ P(A’A,C’T’T)

TA
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Independence

p(A, B) = p(A) p(B)

Probability of flipping 2 fair coins and
getting heads on both:

p(F.F) = p(H) p(H)
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Non-independence

p(A, B) = p(A) p(B|A)

f f
joint probabllity conditional probability
of A and B of B given A

pb(walk to work|sunny) = 0.99
p(walk to work|raining) = 0.50
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Non-independence In phylogenies

Normally, o gi\/en potElesfaas s i ez C .......
substitttionand fime the wrie = T, ............ $ :
probability of the end state Is P4 less probable

dependent on the starting state

p(C|C,v) > p(C|T,v)

/7 more probable
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Condrtional Independence

P(ABIC) = p(AIC) p(BIC)

A G G i & &

b(AGG, TCCltree) = p(AGGltree) p(TCCltree)



Likelihood
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Likelihood tells you how surprised
you should be at the observed data

High likelhood = less surprised

Low likelihood = more surprised



Let's take a second to
test your knowledge of
kelihood so far...
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Why do we need the term likelihood!’

Outcome Fair coin model Two-heads model
H 0.5
: Likelihoods of models
T 0.5 given one particular data
— outcome are not

Probabilities of data
outcomes given one

particular model sum to
.0
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expected to sum to 1.0

Probability of the data

given the model

Likelihood of the model
given the data



Likelihood of a single vertex

First 32 nucleotides of the PnN-globin gene of gorilla:

©® GAAGTCCTTGAGAAATAAACTGCACACACTGG

L=p(G) p(4) p(A) p(G) p(T) --- p(G)
I e AT N e T e
L:7T1142 Wé WZ; 77%

log L = 12log(ma) + 7log(me) + 7log(wg) + 6log(wr)
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Natural logarithm

ikelihood :

Iog(L)' — .............. Likelihood values can become so
. ’ small that computers cannot
"""""" distinguish them from zero.
Using the natural logarithm of the
ikelihood (the log-likelihood)
prevents such "underflow”

(in many calculators, you must use In(x) rather than log(x) to take the natural log of the value x)
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Likelihood of a single-edge tree

Two nodes have sequence data (but only for two sites)

root

GA @@ GG
L : gl
L=[@) (3 + 1) [B (G- 3

< site | > < site 2 %

Each site likelihood is the probabllity of the starting state at the root
(1/4) times the transition probability (conditional probability of the end
state given the starting state)
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What Is the edge length V!

expected
numlbelr o1 o % sUpstiUtion :
supbstitutions = . X time
. rate per site
PER-SHE
1% = 3 X t

A
ok
g b 7
e T

& G e

3 possible substitutions, each of which happens with rate f
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Jukes and Cantor (1969)

JC69 model to: Parameters: B
A € G 38
A=l 8Bl B e
¢ Sralienie i
from:
G DS e O
T o 5 B8




Maximum likelihood estimation

[T ) Gt

0.065 Is the maximum likelihood estimate (MLE) of v

gorilla GAAGTCCTTGAGAAATAAACTGCACACACTGG
orangutan GGACTCCTTGAGAAATAAACTGCACACACTGG

2

0.00 0.05
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-quilibrium Frequencies

Imagine a bottle of perfume
has been spilled in room C.

The deors e the other

rooms are closed, so the

perfume has, thus far, not
been able to spread.

VWhat would happen if we

opened all the doors!?
Architect: Joe Bielawski
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-quilibrium Frequencies

At the instant the doors
open, perfume molecules...

enter room A at rate p
enter room | at rate p
emerrosi G dlraie-f

enterroony € atiralic =36

(you could also say they leave C at rate 35)
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At equilibrium, the relative
concentration of perfume Is

equal in all rooms

1.00

| initial rate —33

0.75
I

0.50
I

/ initial rate ﬁ

I I
0.0 0.5 1.0

0.25
}

0.00
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[ransrtion probability demo

https://plewis.github.io/applets/|c-transition-probabilities/
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https://plewis.github.io/applets/jc-transition-probabilities/

Sequence data for four taxa

one site

Sphagnum GGCAGCATTTCGAATGACTCCTCAACCTGGAGPJAJCACCCG.
Asplenium GGCAGCTTTCCGGATGACCCCACAACCCGGAG]AJCAGCTG.
Picea GGCAGCATTCCGAGTAACTCCTCAACCAGGGG]GECGCCCG.
Avena GGCAGCATTCCGAGTAACTCCTCAACCTGGGGYTJCGCCGG.
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Likelihood for tree (one site)

Vs is the expected number of

substitutions for just this
one branch
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Total likelihood

L:Lng---L

S|te | S|te 0 S|te n

.

logl =log Ly +1log Lo+ ---+4+log L,
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Jukes and Cantor (1969)

JC69 model . Parameters: [

A G G
Al 383 5

@ gy
G B B O
Tl e 5 ds e 2300

from:

e @ i




Kimura (1980)

K80 (or K2P) model Parameters: a, f
A G G 7
Al 920 B a B
€ B ~ (e 0 B Q
G ot o ol w2 p
L] o A —a—28
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Kimura (1980)

K80 (or K2P) model k=a/f Parameters: «, f
A 6 G i
Aol s ae ) 5 K b
C 3 —B(k +2) B K
G Kk & —B(k + 2) o
I B KD B —pB(k +2)




Transrtion-transversion (rate) ratio

& i

'\ transversions/t
rapsitiensfate =4

6\ / 5 transversion rate = f
A

assume a = p
| transition-transversion rate ratio = |.0

transition £ ey transition-transversion ratio = 0.5

l

G
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Felsenstein (1981)

F8| model Parameters: u, ma, mc, G
A € G T
Acl il ) ToMH TG T
G T AN = il =) TGH T
G TAMN urell e me) T
L amdy Top TGH = [l = i)
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JC69 1s a special case of FS |

A
AME
Gl
G| 3w
T| 3w
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Hasegawa, Kishino, and Yano (1985)

HKY85 model

A
[ —p(me + wgk + 7))

TAM

TAUK

e RO B

TAM
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Parameters: u, @, TTA, TC, ngJ

T these are global

parameters
one parameter in each model Is (apply to all

associated with the length of an edge  edge lengths)

& G iE
TC W TGUK T ]
—u (74 + g + TTK) el T K
oM —p (Tak + 7o + 1) T
Tk urelt = il tostc v




Tavaré (1986)

GTR model
A
A E Eotp
C TAM G
G | mapb
T | mapc
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7TC,u@ 7'('(;,L@ 7TT,L@_
Wg@ WT,LI@

7Tc,ud

TCW €

Tl

rou(d)

Parameters: ?

exchangeability
parameters are
circled



Time reversibility

Time reversibility means...

Pr(A) Pr(G|A,v) = Pr(G) Pr(A|G, v)

Time reversibility allows any point
on the tree to serve as the root,
and thus has some practical
advantages, but time reversibility is
not a requirement for substitution
models used in phylogenetics
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Rate heterogeneity
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Green plant rbcl. gene

First 88 amino acids (translation is for Zea mays)

M--S--P--Q--T--E--T--K--A--S--V--G--F--K--A--G--V--K--D--Y--K--L--T--Y--Y--T--P--E--Y--E--T--K--D--T--D--I--L--A--A--F--R--V--T--P--

Chara (green alga; land plant lineage) AAAGATTACAGATTAACTTACTATACTCCTGAGTATAAAACTAAAGATACTGACATTTTAGCTGCATTTCGTGTAACTCCA
Chlorella (greenyaliga):{apt SSmlisf it s ds e e b § (Oh A Ol e s LR LR it e L TN CCNCEAR et oy S To s G BAR HGr Cox e A G i i T
Volvox (gEeen® @l ga)) sttt e s rr e s S A i) ool e Ao teh o K CCHT e AN CHP AR CRPTIGT G T ARSI (Cf0 o FBraR T i g e N e A A ATCHE ATz
Conocephalum (L B2 o TT% 2 AR o s S SRR T S i S T ) P A SR TG oAy T T et s s A8 G TS o GIR e v M) GEY. T 3o S8 AR RPITY ATYAALS Gr e TS
Bazzania (TNO S8 s o i & N L T T et i S s NS S T T et s Ch s Trps s G AV GHG GRS Gt AN AT s o S G AU AR D T AN G s Cc
Anthoceros (ROTNWO L) ioass St (Do e fil e LW TS i N G ot s CERT Ty, (Ot S S T GG GG G R AN GRS AN GE G TV AR Gl T
Osmunda (Ee TR e A R O R sl s o g Ty o SR e PC A BGRrl Crrronts FIathe . G T A GRGIAC SR Gl S e s G PAN CER AT G IS Cc
Lycopodium (club "moss") e GG AR o S o et it D CraloaCyr S waas N GAT: CEER SNy A G T R R Y. G A o e s AR NG nty. T
Ginkgo (gymnosperm; Ginkgo biloba) = .............. GRS i ST o St Ay i C A N E e e T Che G T BVRENA=E Chp Al v T
Picea (VIR0 S P T S P U C ) e b SN [ S P Tl = TR S A CHGITAC Y st - The G T e O Gl AV = (& v NI T
Iris (S 2AKATI=F 50 e o SHUCT s R Jet it S R A S LR S S B G A B Gt T, Yt AN G R Gl IR e LIy Crie (G A s« CEFAR . BT T
Asplenium (Eernt Sispleenwo ) o o e e . - P o TCHACY Gy T C L N G C L S A R C RS G C e v e CrRTINNCIY G YA NT RGN GANGERIC

Nicotiana (flowering plant; tobacco) = ..... Gl AT AN G L P R R kS R CE A NG a5 TS AC T AGISC A TN res CEeA . Sy (R T

Q--L--G--V--P--P--E--E--A--G--A--A--V--A--A--E--§--§--T--G--T--W--T--T--V--H--T--D--G--L--T--§--L--D--R--Y--K--G--R--C--Y--H--I--E--
CAACCTGGCGTTCCACCTGAAGAAGCAGGGGCTGCAGTAGCTGCAGAATCTTCTACTGGTACATGGACTACTGT TTGGACTGACGGATTAACTAGTTTGGACCGATACAAAGGAAGATGCTACGATATTGAA

..... TS R ot R e R SR, PR e N Nl SR i WOl WAt P A DSORAT SPra et i [y S0 DA e et N RO e B VR a0 A I IS sl )
..... TN Eop R SR [ B, NI K SR D) I T St S WHIPRND G RN L e s a0 ol N ol IR aTa S ISER oWt L BN T o s el
NG R RN (PR B A R iy R T o e dao A 4 M b Sl AR T..TC.T....ACC.T..T..T..T..... G L A Y g c
..... G QB i T b SRR E s TN R o M T T e Ml o SR S I RO T A < CAG e T Th e el L R R A e e
B R e e e A 5 (o R T AL e e A 5 R AT PO ROl A & G I MG GO T  finlp e MO e (R
..... c.lA .a..ce oA s (e Wl (S WA LA T o 2 KANERE DS RAME S S AL Ant b, S el 10 RS L P, T e e e P o i
v.. 8 A..... CAVEN R G S O Ao - o h (O ey ks (o TR A ROy ST PN R el ol P el Wi ch k], R e ko e s i RS B
........ R e o L e ey o R A G N R A RO g [FICTah 10 G L ol ek 00 < ) R - BN M 2, LA 1o i
..... S B N ae Y VR o R W W SR R N PR B S N oS PO S R BTSN G R B o S s At e A e P o o) S M T BT oy o G
..... G i T e L A (B ST E e s vl o NG et e A B o s Sty T e B e e A i Sl g ST SRER TN, O e
..... o VR B TSRt NN by W (N e IS TN T R ) Ui W X T I NG Ny A N AT R T o Fonsls Tt AN Y o 5 C e A R o
........ e B Tl o S oy S RIS 4 e A SOOI D0y N o 0 W (R SR WA 0 (e = i 0 s o o (VA ek GO AR o oL Iy S o & S DR
All 4 bases are ...while at other
observed at sites, only | base
some sites... is observed
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Site-specific rates

Each defined subset (e.g. I st+2nd pos. versus 3rd pos.) has its own relative rate

CACCGGGTCCCCGAGAGCGGGCGCGTGCGCGATCTCACGGACTGACACGTTGACGAGGTTACAGTTGACGTAAAGGAGTGTAGAATGA

r, applies to subset | r, applies to subset 2
| st+2nd codon positions 3rd codon positions
(sites | - 88) (sites 89-132)

Relative rates have mean [.0: 71 p(’l"l) + 79 p(?"g) —
2/3 1/3
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Site-specific rates

L =p(yi|r1)-- 'p(YSS\T) p(¥so|r2) - - - p(y132|72)

SN o s el

— e

|st+2nd codon positions 3rd codon positions

%4

mean relative rate:
(0.12255)(2/3) + (2.75490)(1/3) = 1.0

ro = 2.79490
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Site-specific rates

JC69 transition probabilities that would be used for
every site if rate hiomogeneity were assumed:

ple—— ¢

identity

Q)

e B e £

difference

Q)
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Site specific rates

JC69 transition probabilities that would be used for sites in subset 1I:

1 3

Pq;'(t) S Z 16—47“1575
1 1

P, (t) 5 Z & 16—4?“1575

JC69 transition probabilities that would be used for sites in subset 2:

56—4?"2,875

1

A A

el
Flllea ZG_MQW

MOLE 2025 Paul O. Lewis



xture models

All k relative rates applied to every site

Q--L--G--V--P--P--E--E--A--G--A--A--V--A--A--E--S--§--T--G--T--W--T--T--V--H--T--D--G--L--T--§--L--D--R--Y--K--G--R--C--Y--H--I--E--
CAACCTGGCGTTCCACCTGAAGAAGCAGGGGCTGCAGTAGCTGCAGAATCTTCTACTGGTACATGGACTACTGTTTGGACTGACGGAT TAACTAGT TTGGACCGATACAAAGGAAGATGCTACGATATTGAA

..... A..T........A........G..T..G........A........A..A........T.... 88 oo occoccolootococcococcaldecocoteoooosocifBeMs s e cBe Bs @
..... A..T...............T6T..T.....T..T.....T.....A. .A. .A.....T.... % A........T..T.....A...C.T.....T........TC.T..T..T..C..C..G
0o@sco00 G..A...G.A........... A..A..... TL.... T... .o ... B .. ... T..TC.T....ACC.T..T..T..T..... WCo 600000 Wol€o 0000 (e}
..... G..A..A.................A..G...........T........A..C.....G....2am6........C..T..GC.T..A...C.C..T..T........TC.......T..C..C
Mo cooldoc@c@cococcocancacocos 8o c@sccoccoocos Wococoooo A. ... .-... . .. C..T...C.T..C..CC.T..... Wocoooooo WCcoccococca Cococco
..... C..A..A..GG G.....T..A..............G...........A.....G... == 18 060 0@ oo 6 BolWo B0 6 cBots Wo WWo o1 c@6 cWBo o 6000000000000 0
T A..A..... ©50@c0000 ©o 0o 6@5 0000000000 ..o (B555505500000c 00000000 ©o o5 6 5B o 6 @6 oMo cCBooo00000 TC.G..... T..A......
........ 8 0@5 000000086 0000@6 0o co000000000008000000008000000000000c  so000000800Woo00BeMo 0860 o@oWo 0Wa oMo 6000800000000 00 0B 0Bo 8o 0@
..... AL LGLLGL GGG G DA AL L T LG UG S L CL LT L CRT CL CRT L T T DG L LG DD T UGG G
..... A T G e G ol R o G G o R = G e B T e G T G C S T o T T S GRS CEC NG
..... C..A.A..G..........C..A.................G..C.....A.......... 88 G.....A.....G..6G..C..CcC.T.....T.....G..CC.............C..G
........ iNoo000000000000000000000800@00000000@s00000000000000000000c A.....C..T c.T..c..cc.T..T..T........GC........CGC..C..G

Invariable sites () model

Common examples :
P Discrete Gamma (G) model
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Invariable sites model (Reeves 1992)

L; = p(y;|r1)p(r1) + p(yi|r2)p(ra2)

LZ e p(yi‘O'O)pinvar _I_ p(yz‘TZ) (1 Ao pinvar)
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Discrete Gamma model (Yang [994)

No relative rate is exactly 0.0,and all are equally probable

..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
.................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................
..................................................................................................................................

et (3) 00 2) s (2) s ()

Relative rates are determined by a discrete gamma distribution

Number of rate categories can vary (4 used here)
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Relative rates in 4-category case

1
©

O% Boundaries (dotted lines) are placed so that
(> each category represents |1/4 of the distribution

0.8 %
% (i.e. 1/4 of the area under the curve)
AN
0.6 BN
. 20, .
: Y. Representative rates (ri, 2, 13, 14) are
0.4 : : &/g} the means of each category
' : : Cy
: : \PV@\
0'2 1= 0.137 E_ r = 0.477 E r; = 1.000 : \rﬁm
0 l - ' : ' .

0 0.5 1 1.5 2 25
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(Gamma distributions

1.4

1.2

(%)
=
(%)
0
> 08
| e
g
S 0.6
=
S04
s
)
& 0.2
o

0
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-

larger shape means
less heterogeneity

The mean relative

rate equals 1.0 for
all three of these

distributions

2 3 4
relative rate




~ (Coffee Break ~
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