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MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 
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MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 
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�⇤ ⇠ Uniform(�i�1 � w/2,�i�1 + w/2)
<latexit sha1_base64="ab8E0jdfn3flkDM21WMByLvtHZ0="></latexit>

P (�⇤|X) > P (�i�1|X) ) �i = �⇤
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MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 
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�⇤ ⇠ Uniform(�i�1 � w/2,�i�1 + w/2)
<latexit sha1_base64="ab8E0jdfn3flkDM21WMByLvtHZ0="></latexit>
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MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 
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�⇤ ⇠ Uniform(�i�1 � w/2,�i�1 + w/2)
<latexit sha1_base64="ab8E0jdfn3flkDM21WMByLvtHZ0="></latexit>
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<latexit sha1_base64="7ge98N0tJV5mOUofANk/RxYgsWA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSKIi5KIqBuh6MZlBfuANobJZNIOnUzCzEQoof6KGxeKuPVD3Pk3TtsstPXAwOGcc7l3TpByprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2MLyZ+O1HKhVLxL0epdSLcV+wiBGsjeTblR434RD77KpgDye+XXVqzhRokbgFqUKBhm9/9cKEZDEVmnCsVNd1Uu3lWGpGOB2Xe5miKSZD3KddQwWOqfLy6fFjdGSUEEWJNE9oNFV/T+Q4VmoUByYZYz1Q895E/M/rZjq69HIm0kxTQWaLoowjnaBJEyhkkhLNR4ZgIpm5FZEBlpho01fZlODOf3mRtE5r7nnNuTur1q+LOkpwAIdwDC5cQB1uoQFNIDCCZ3iFN+vJerHerY9ZdMkqZirwB9bnDyxOlHU=</latexit>
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<latexit sha1_base64="MY6lUN6YlOOpfR9I+767tO4trts=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUwTIjom6Eoi5cVrAP6NRyJ820oZkHSUYo4/yQG39FBBcVcetvmGkL2tYDgcM595B7jxNyJpVpDo3MwuLS8kp2Nbe2vrG5ld/eqckgEoRWScAD0XBAUs58WlVMcdoIBQXP4bTu9K9Tv/5IhWSBf68GIW150PWZywgoLbXzNzbwsAf4EtuuABJXijbX6Q48HD3ZHqie48aN5DD5NdoxO7aSKbOdL5glcwQ8T6wJKaAJKu38m90JSORRXxEOUjYtM1StGIRihNMkZ0eShkD60KVNTX3wqGzFo2sTfKCVDnYDoZ+v8Ej9m4jBk3LgOXoy3VHOeqn4n9eMlHvRipkfRor6ZPyRG3GsApxWhztMUKL4QBMgguldMemBbk3pgnO6BGv25HlSOylZZyXz7rRQvprUkUV7aB8VkYXOURndogqqIoKe0Ssaog/jxXg3Po2v8WjGmGR20RSM7x8bUai1</latexit>

↵ =
P (�⇤|X)

P (�i�1|X)
<latexit sha1_base64="nrS2/dL3vDSRZC7C92nZa3uWjPo=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJiLoRim5cVrAPaEOYTKbt0MkkzEyEEoobf8WNC0Xc+hXu/BunbQRtPTBwOOdc7twTJJwp7ThfVmFhcWl5pbhaWlvf2Nyyt3caKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwG12O/eU+lYrG408OEehHuCdZlBGsj+fZeh5twiH2GLtEPz9ixO/LtslNxJkDzxM1JGXLUfPuzE8YkjajQhGOl2q6TaC/DUjPC6ajUSRVNMBngHm0bKnBElZdNThihQ6OEqBtL84RGE/X3RIYjpYZRYJIR1n01643F/7x2qrsXXsZEkmoqyHRRN+VIx2jcBwqZpETzoSGYSGb+ikgfS0y0aa1kSnBnT54njZOKe1Zxbk/L1au8jiLswwEcgQvnUIUbqEEdCDzAE7zAq/VoPVtv1vs0WrDymV34A+vjG/3Nloc=</latexit>
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Proposal 
distribution 
Usually symmetric, 

but could be 
asymmetric 

(Hasting ratio)

Acceptance 
probability 

Posterior ratioThe chain tends to stay on regions of high posterior







Hasting ratio

<latexit sha1_base64="510T9mHFlURLrx9J43kV9pi02eQ="></latexit>
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P (�⇤|X)

P (�|X)

� 
q(�|�⇤)

q(�⇤|�)

�

Posterior ratio Hasting ratio

Proposal 
distribution



MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 

<latexit sha1_base64="i/1UdTOFYWT3gu0gq4QGOmDu4nk=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp5IVUY9FLx4r2Fppl5LNZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWwcCw8w88t6EqeDGYvztlVZW19Y3ypuVre2d3b3q/kHbJJmmrEUTkehOSAwTXLGW5VawTqoZkaFgD+HoZuo/PDFteKLu7ThlgSQDxWNOiXXSY0+4aET6uF+t4TqeAS0TvyA1KNDsV796UUIzyZSlghjT9XFqg5xoy6lgk0ovMywldEQGrOuoIpKZIJ8tPEEnTolQnGj3lEUz9fdETqQxYxm6pCR2aBa9qfif181sfBXkXKWZZYrOP4ozgWyCptejiGtGrRg7QqjmbldEh0QTal1HFVeCv3jyMmmf1f2LOr47rzWuizrKcATHcAo+XEIDbqEJLaAg4Rle4c3T3ov37n3MoyWvmDmEP/A+fwBm8ZAl</latexit>
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<latexit sha1_base64="5yCDb7ZI2JunYkDWSceV1omBTkE=">AAACKHicbZDLTgIxFIY7eEO8jbp000hM8ALOEKPuJLpxiYkDJICkUwo0tJ1J29GQCY/jxldxY4zGsPVJLDALEU/S5M/3n5Oe8/sho0o7zshKLSwuLa+kVzNr6xubW/b2TkUFkcTEwwELZM1HijAqiKepZqQWSoK4z0jV79+M/eojkYoG4l4PQtLkqCtoh2KkDWrZVw1mmtvo4Qg2FOXQM2YgeS7BrZjm3SHMP50WT+AsOzbsELbsrFNwJgXnhZuILEiq3LLfG+0AR5wIjRlSqu46oW7GSGqKGRlmGpEiIcJ91CV1IwXiRDXjyaFDeGBIG5oFzRMaTujviRhxpQbcN50c6Z76643hf1490p3LZkxFGGki8PSjTsSgDuA4NdimkmDNBkYgLKnZFeIekghrk23GhOD+PXleVIoF97zg3J1lS9dJHGmwB/ZBDrjgApTALSgDD2DwDF7BB/i0Xqw368saTVtTVjKzC2bK+v4B1K+j6w==</latexit>

�⇤ ⇠ Uniform(�i�1 � w/2,�i�1 + w/2)
<latexit sha1_base64="ab8E0jdfn3flkDM21WMByLvtHZ0="></latexit>

P (�⇤|X) > P (�i�1|X) ) �i = �⇤

<latexit sha1_base64="7ge98N0tJV5mOUofANk/RxYgsWA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSKIi5KIqBuh6MZlBfuANobJZNIOnUzCzEQoof6KGxeKuPVD3Pk3TtsstPXAwOGcc7l3TpByprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2MLyZ+O1HKhVLxL0epdSLcV+wiBGsjeTblR434RD77KpgDye+XXVqzhRokbgFqUKBhm9/9cKEZDEVmnCsVNd1Uu3lWGpGOB2Xe5miKSZD3KddQwWOqfLy6fFjdGSUEEWJNE9oNFV/T+Q4VmoUByYZYz1Q895E/M/rZjq69HIm0kxTQWaLoowjnaBJEyhkkhLNR4ZgIpm5FZEBlpho01fZlODOf3mRtE5r7nnNuTur1q+LOkpwAIdwDC5cQB1uoQFNIDCCZ3iFN+vJerHerY9ZdMkqZirwB9bnDyxOlHU=</latexit>
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P (�i�1|X)
<latexit sha1_base64="nrS2/dL3vDSRZC7C92nZa3uWjPo=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJiLoRim5cVrAPaEOYTKbt0MkkzEyEEoobf8WNC0Xc+hXu/BunbQRtPTBwOOdc7twTJJwp7ThfVmFhcWl5pbhaWlvf2Nyyt3caKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwG12O/eU+lYrG408OEehHuCdZlBGsj+fZeh5twiH2GLtEPz9ixO/LtslNxJkDzxM1JGXLUfPuzE8YkjajQhGOl2q6TaC/DUjPC6ajUSRVNMBngHm0bKnBElZdNThihQ6OEqBtL84RGE/X3RIYjpYZRYJIR1n01643F/7x2qrsXXsZEkmoqyHRRN+VIx2jcBwqZpETzoSGYSGb+ikgfS0y0aa1kSnBnT54njZOKe1Zxbk/L1au8jiLswwEcgQvnUIUbqEEdCDzAE7zAq/VoPVtv1vs0WrDymV34A+vjG/3Nloc=</latexit>
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Let’s implement the MCMC algorithm for the example you went over with Rosana

Try it out yourself first and then we can check out the solution: https://go.wisc.edu/k5n7su

https://go.wisc.edu/k5n7su
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MCMC considerations

• Choice of priors


• Mixing


• Convergence


• Burnin

How well you navigate the parameter space?

How well you reach all regions of high posterior values?

How long it takes to reach regions of high posterior values?



Mixing
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Mixing





Back to 
phylogenetics



Bayesian: Likelihood 2.0

<latexit sha1_base64="X4tuKtGr8bD3T7jTCIMR/VKfLTI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgKiQi2o1QdOOygn1AE8rNZNIOnTyYmQgh1F9x40IRt36IO//GaZuFth4YOJxzD/fO8VPOpLLtb6Oytr6xuVXdru3s7u0fmIdHXZlkgtAOSXgi+j5IyllMO4opTvupoBD5nPb8ye3M7z1SIVkSP6g8pV4Eo5iFjIDS0tCsu2NQhct1IoApvsZN62JoNmzLngOvEqckDVSiPTS/3CAhWURjRThIOXDsVHkFCMUIp9Oam0maApnAiA40jSGi0ivmx0/xqVYCHCZCv1jhufo7UUAkZR75ejICNZbL3kz8zxtkKmx6BYvTTNGYLBaFGccqwbMmcMAEJYrnmgARTN+KyRgEEKX7qukSnOUvr5LuueVcWvb9RaN1U9ZRRcfoBJ0hB12hFrpDbdRBBOXoGb2iN+PJeDHejY/FaMUoM3X0B8bnDzcZk9M=</latexit>

�̂ = 8.4

Likelihood
Information in the data

<latexit sha1_base64="oKe/uz+OBaAHczxwasG4Ag2Uf1w="></latexit>

�|X ⇠ Gamma(↵ = 0.1 +
X

xi,� = 3.3 + n)

Prior
Your knowledge

Lambda
<latexit sha1_base64="ta+D6n2jmHcdtj86O11CjNP6Jno=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKMOMFXVTKLrQZQX7gE4pd9K0DU1mhiQjlNKPcOOvuHGhiFsX7vwb03YWWj0QOJxzLjf3BDFnSrvul5VZWFxaXsmu5tbWNza37O2dmooSSWiVRDySjQAU5SykVc00p41YUhABp/VgcDXx6/dUKhaFd3oY05aAXsi6jIA2Uts+8rkJdwD7igl8DUJAwQce9wGXsOt4x9gPqIZS0Sketu2867hT4L/ES0kepai07U+/E5FE0FATDko1PTfWrRFIzQin45yfKBoDGUCPNg0NQVDVGk2PGuMDo3RwN5LmhRpP1Z8TIxBKDUVgkgJ0X817E/E/r5no7kVrxMI40TQks0XdhGMd4UlDuMMkJZoPDQEimfkrJn2QQLTpMWdK8OZP/ktqJ4535ri3p/nyZVpHFu2hfVRAHjpHZXSDKqiKCHpAT+gFvVqP1rP1Zr3PohkrndlFv2B9fAMvOpu3</latexit>

� ⇠ Gamma(↵ = 0.1,� = 3.3)

Lambda

Posterior
Inference on parameter

+ =

• Incorporate prior knowledge

• You get a distribution, not just a 

point estimate

Same considerations:

Substitution model


Assumptions in model

Enough signal in data

New considerations:

Which prior model?


Assumptions in model

How does this affect 

inference?

• Pulls the posterior 
towards it


• With sufficient enough 
data, it does not matter


• With non-informative/
flat priors, you get the 
same as MLE



Posterior distribution
<latexit sha1_base64="BW/rcJXni9s1JXQ3pLQRzgWrvIM="></latexit>

P (�|X) =
LX(�)p(�)

p(X)
=

Q
P (X = xi|�)p(�)

p(X)

Likelihood Prior

Marginal

Many times, 
intractable

<latexit sha1_base64="fGSFbsS+1HpR0U1jfISLSPsJVRQ="></latexit>

) P (�|X) / LX(�)p(�)



MCMC: A way to approximate 
intractable posterior distributions

Initialization: Start at a random   
Loop: For i, propose a new lambda 

 
• If   

• Else, accept  with probability 

• Otherwise, 

<latexit sha1_base64="i/1UdTOFYWT3gu0gq4QGOmDu4nk=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp5IVUY9FLx4r2Fppl5LNZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWwcCw8w88t6EqeDGYvztlVZW19Y3ypuVre2d3b3q/kHbJJmmrEUTkehOSAwTXLGW5VawTqoZkaFgD+HoZuo/PDFteKLu7ThlgSQDxWNOiXXSY0+4aET6uF+t4TqeAS0TvyA1KNDsV796UUIzyZSlghjT9XFqg5xoy6lgk0ovMywldEQGrOuoIpKZIJ8tPEEnTolQnGj3lEUz9fdETqQxYxm6pCR2aBa9qfif181sfBXkXKWZZYrOP4ozgWyCptejiGtGrRg7QqjmbldEh0QTal1HFVeCv3jyMmmf1f2LOr47rzWuizrKcATHcAo+XEIDbqEJLaAg4Rle4c3T3ov37n3MoyWvmDmEP/A+fwBm8ZAl</latexit>
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<latexit sha1_base64="5yCDb7ZI2JunYkDWSceV1omBTkE=">AAACKHicbZDLTgIxFIY7eEO8jbp000hM8ALOEKPuJLpxiYkDJICkUwo0tJ1J29GQCY/jxldxY4zGsPVJLDALEU/S5M/3n5Oe8/sho0o7zshKLSwuLa+kVzNr6xubW/b2TkUFkcTEwwELZM1HijAqiKepZqQWSoK4z0jV79+M/eojkYoG4l4PQtLkqCtoh2KkDWrZVw1mmtvo4Qg2FOXQM2YgeS7BrZjm3SHMP50WT+AsOzbsELbsrFNwJgXnhZuILEiq3LLfG+0AR5wIjRlSqu46oW7GSGqKGRlmGpEiIcJ91CV1IwXiRDXjyaFDeGBIG5oFzRMaTujviRhxpQbcN50c6Z76643hf1490p3LZkxFGGki8PSjTsSgDuA4NdimkmDNBkYgLKnZFeIekghrk23GhOD+PXleVIoF97zg3J1lS9dJHGmwB/ZBDrjgApTALSgDD2DwDF7BB/i0Xqw368saTVtTVjKzC2bK+v4B1K+j6w==</latexit>

�⇤ ⇠ Uniform(�i�1 � w/2,�i�1 + w/2)
<latexit sha1_base64="ab8E0jdfn3flkDM21WMByLvtHZ0="></latexit>
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<latexit sha1_base64="nrS2/dL3vDSRZC7C92nZa3uWjPo=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJiLoRim5cVrAPaEOYTKbt0MkkzEyEEoobf8WNC0Xc+hXu/BunbQRtPTBwOOdc7twTJJwp7ThfVmFhcWl5pbhaWlvf2Nyyt3caKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwG12O/eU+lYrG408OEehHuCdZlBGsj+fZeh5twiH2GLtEPz9ixO/LtslNxJkDzxM1JGXLUfPuzE8YkjajQhGOl2q6TaC/DUjPC6ajUSRVNMBngHm0bKnBElZdNThihQ6OEqBtL84RGE/X3RIYjpYZRYJIR1n01643F/7x2qrsXXsZEkmoqyHRRN+VIx2jcBwqZpETzoSGYSGb+ikgfS0y0aa1kSnBnT54njZOKe1Zxbk/L1au8jiLswwEcgQvnUIUbqEEdCDzAE7zAq/VoPVtv1vs0WrDymV34A+vjG/3Nloc=</latexit>
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Starting tree
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Nearest Neighbor 

Interchange

Why is MCMC so slow? Traverse tree space



Starting tree

A

B

C

D

A B

C D

A

D C

B

Nearest Neighbor 
Interchange

Why is MCMC so slow? Traverse tree space



NNI

Image: Wikipedia



SPR

Image: Wikipedia



TBR

Image: Wikipedia
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Why is MCMC so slow? Small neighborhood 
implies very dependent 

sample

A

B

C

D

A B

C D



Why is MCMC so slow?

1) Huge tree space size 
2) Low acceptance of moves unless small 

neighborhood 
3) Small neighborhood implies very 

dependent sample, which means small 
effective sample size

We need a gigantic chain because the space  
is huge and we are making tiny moves



12 taxa Carnivora 
MCMC efficiency ~0.025% 

(250 from 1 million post-burnin generations)

(Larget, 2013)

ESS



Priors
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Priors as rubber bands
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• Run MCMC without data

• Some programs generate dummy “empty” alignments that can be used

• Why run MCMC on the prior?


• Check correctness of the software (do the results match the 
theoretical prior?)


• Compare prior run with posterior run:

• If prior and posterior are too similar, then data might contain 

little information

• If prior and posterior overlap, but the posterior is more 

concentrated, then data are informative and prior is reasonable

• If prior and posterior do not overlap well, then the prior might 

be misspecified


• CAUTION: do not set a prior to match the posterior! The prior is meant to 
reflect our knowledge BEFORE the analysis of the data






