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What?
Phylogenetic network
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Hahn et al (2016)

What?
Phylogenetic network



Why?
Phylogenetic network



Main tree

Why?
Phylogenetic network



(S.-L., Yang, Ané, 2016, Syst Bio)

Ignore gene flow

=>Wrong tree!Why?

Phylogenetic network



(S.-L., Yang, Ané, 2016, Syst Bio)
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true tree

Why?
Phylogenetic network

Coalescent tree methods 

not robust to gene flow

ASTRAL (Mirarab et al, 2014) 

NJst (Liu&Yu,2011)
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(S.-L., Yang, Ané, 2016, Syst Bio)

Why?
Phylogenetic network

Anomaly zone with 
gene flow



(S.-L., Yang, Ané, 2016, Syst Bio)

0.11.0

2.0

1.0

0.1

2.1

1 2 3 4 5 6

0.0Why?
Phylogenetic network

Coalescent tree methods 

not robust to gene flow

ASTRAL (Mirarab et al, 2014) 

NJst (Liu&Yu,2011)

PhyloNet (Yu et al 2012, 2014)

Number of Genes

●

● ●
●

●

●

●

10 20 50 100 200 500 1000

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
M

ea
n 

R
F 

di
st

an
ce

●

●
●

●

●
●

●

10 20 50 100 200 500 1000

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
M

ea
n 

R
F 

di
st

an
ce

●
●

●

●

●

● ●

●

● ●

●

●
●

●

γ = 0.3 γ = 0.1
● concatenation ● ASTRAL NJst PhyloNet

Number of genes

M
ea

n 
R

F 
di

st
an

ce



Anomalous unrooted 
gene trees with gene flow

Frequency among gene trees

Quartet � = 0.0 � = 0.1 � = 0.3
AB|CD 0.347 0.298 0.260
CA|BD 0.327 0.351 0.370
CB|AD 0.327 0.351 0.370

t1 = t2 = 0.01, t3 = t4 = t5 = 1

• ILS: no AUGT on 4 taxa (Degnan, 2013)

• ILS+HGT: AUGT on 4 taxa (S.-L., Yang, Ané, 2016, Syst Bio)

Why?
Phylogenetic network

See also Long & Kubatko (2018) for AUGT under continuous gene flow between sister species 



So far…

• Networks are good


• Explicit networks are better


• If you ignore gene flow, you can estimate 
the wrong tree



How?
Phylogenetic network

BEAST2 

(Zhang et al, 2017)


PhyloNet 

(Wen et al, 2016)

MrBayes

(Huelsenbeck, Ronquist, 2001)


RAxML 

(Stamatakis, 2014)


PhyML 

(Guindon et al, 2010)


RevBayes

(Hoehna et al, 2016)


IQ-TREE

Nguyen et al. (2015)

SNaQ 

(S.-L., Ane, 2016)


PhyloNet 

(Yu et al, 2014)



BEAST2

(Zhang et al, 2017)

PhyloNet

Bayesian

(Wen et al, 2016)

PhyloNet

Bayesian

(Wen et al, 2016)

PhyloNet

Likelihood


(Yu et al, 2014)

SNaQ

(S.-L., Ane, 2016)

P (N,G, ✓|D) / ⇡(N)⇡(✓)
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Network

Birth-hybridization process

# reticulations, cycle diameter

L(N, ✓) =
LY

i=1

P (Gi|N, ✓)
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Rooted
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Coalescent model within 1 population

Present

Past

g = generations 

N = population size
Probability of no coalescence in g generations:

✓
1� 1

N

◆g
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t = g/N )
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P (T > t) = e�t
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T =
g

N
coalescent units ⇠ Exp(1)

<latexit sha1_base64="mP6/u9CbBYBT8SyP62gBD5tCs7Y=">AAACHHicbVDJSgNBEO2JW4xb1KOXxiDES5hRQS9CUARPEiEbJCH0dGqSJj0L3TWSMORDvPgrXjwo4sWD4N/YWQ6a+KDh8V5VddVzIyk02va3lVpaXlldS69nNja3tneyu3tVHcaKQ4WHMlR1l2mQIoAKCpRQjxQw35VQc/vXY7/2AEqLMCjjMIKWz7qB8ARnaKR29rR82fQU40l3lNyNaBNhgAnlIZOgOQRI40CgpsbRwqc3gyjvHLezObtgT0AXiTMjOTJDqZ39bHZCHvtmHpdM64ZjR9hKmELBJYwyzVhDxHifdaFhaMB80K1kctyIHhmlQ71QmWf2mai/OxLmaz30XVPpM+zpeW8s/uc1YvQuWokIohgh4NOPvFhSDOk4KdoRCjjKoSGMK2F2pbzHTFZo8syYEJz5kxdJ9aTg2AXn/ixXvJrFkSYH5JDkiUPOSZHckhKpEE4eyTN5JW/Wk/VivVsf09KUNevZJ39gff0AJjuhWA==</latexit><latexit sha1_base64="mP6/u9CbBYBT8SyP62gBD5tCs7Y=">AAACHHicbVDJSgNBEO2JW4xb1KOXxiDES5hRQS9CUARPEiEbJCH0dGqSJj0L3TWSMORDvPgrXjwo4sWD4N/YWQ6a+KDh8V5VddVzIyk02va3lVpaXlldS69nNja3tneyu3tVHcaKQ4WHMlR1l2mQIoAKCpRQjxQw35VQc/vXY7/2AEqLMCjjMIKWz7qB8ARnaKR29rR82fQU40l3lNyNaBNhgAnlIZOgOQRI40CgpsbRwqc3gyjvHLezObtgT0AXiTMjOTJDqZ39bHZCHvtmHpdM64ZjR9hKmELBJYwyzVhDxHifdaFhaMB80K1kctyIHhmlQ71QmWf2mai/OxLmaz30XVPpM+zpeW8s/uc1YvQuWokIohgh4NOPvFhSDOk4KdoRCjjKoSGMK2F2pbzHTFZo8syYEJz5kxdJ9aTg2AXn/ixXvJrFkSYH5JDkiUPOSZHckhKpEE4eyTN5JW/Wk/VivVsf09KUNevZJ39gff0AJjuhWA==</latexit><latexit sha1_base64="mP6/u9CbBYBT8SyP62gBD5tCs7Y=">AAACHHicbVDJSgNBEO2JW4xb1KOXxiDES5hRQS9CUARPEiEbJCH0dGqSJj0L3TWSMORDvPgrXjwo4sWD4N/YWQ6a+KDh8V5VddVzIyk02va3lVpaXlldS69nNja3tneyu3tVHcaKQ4WHMlR1l2mQIoAKCpRQjxQw35VQc/vXY7/2AEqLMCjjMIKWz7qB8ARnaKR29rR82fQU40l3lNyNaBNhgAnlIZOgOQRI40CgpsbRwqc3gyjvHLezObtgT0AXiTMjOTJDqZ39bHZCHvtmHpdM64ZjR9hKmELBJYwyzVhDxHifdaFhaMB80K1kctyIHhmlQ71QmWf2mai/OxLmaz30XVPpM+zpeW8s/uc1YvQuWokIohgh4NOPvFhSDOk4KdoRCjjKoSGMK2F2pbzHTFZo8syYEJz5kxdJ9aTg2AXn/ixXvJrFkSYH5JDkiUPOSZHckhKpEE4eyTN5JW/Wk/VivVsf09KUNevZJ39gff0AJjuhWA==</latexit><latexit sha1_base64="mP6/u9CbBYBT8SyP62gBD5tCs7Y=">AAACHHicbVDJSgNBEO2JW4xb1KOXxiDES5hRQS9CUARPEiEbJCH0dGqSJj0L3TWSMORDvPgrXjwo4sWD4N/YWQ6a+KDh8V5VddVzIyk02va3lVpaXlldS69nNja3tneyu3tVHcaKQ4WHMlR1l2mQIoAKCpRQjxQw35VQc/vXY7/2AEqLMCjjMIKWz7qB8ARnaKR29rR82fQU40l3lNyNaBNhgAnlIZOgOQRI40CgpsbRwqc3gyjvHLezObtgT0AXiTMjOTJDqZ39bHZCHvtmHpdM64ZjR9hKmELBJYwyzVhDxHifdaFhaMB80K1kctyIHhmlQ71QmWf2mai/OxLmaz30XVPpM+zpeW8s/uc1YvQuWokIohgh4NOPvFhSDOk4KdoRCjjKoSGMK2F2pbzHTFZo8syYEJz5kxdJ9aTg2AXn/ixXvJrFkSYH5JDkiUPOSZHckhKpEE4eyTN5JW/Wk/VivVsf09KUNevZJ39gff0AJjuhWA==</latexit>

Multispecies coalescent on a tree



Multispecies coalescent on a tree

P (T > t) = e�t
<latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit>

A B C

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>P(   )



Multispecies coalescent on a tree

P (T > t) = e�t
<latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit>

A B C

1� e�t
<latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>P(   )



Multispecies coalescent on a tree

P (T > t) = e�t
<latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit>

A B C

1� e�t
<latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+
<latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit>

P(   )



Multispecies coalescent on a tree

P (T > t) = e�t
<latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit>

A B C

1� e�t
<latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+
<latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit>

e�t ⇥ 1/3
<latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit>

P(   )



Multispecies coalescent on a tree

P (T > t) = e�t
<latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit><latexit sha1_base64="r7P8ZVNvE9EOVu1IEVnF8CBXmIw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoB0sigl6UohePFfoFbSyb7aZdutmE3YlSYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccb2tpeWV1bT23kd/c2t7ZtQt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jySNRjFzAtJX/KAUwJG6tqFaqmGrzAc40vM7tMTGHftolN2psCLxM1IEWWodu2vTi+iScgkUEG0brtODF5KFHAq2DjfSTSLCR2SPmsbKknItJdOTx/jI6P0cBApUxLwVP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJZ4uCRGCI8CQH3OOKURAjQwhV3NyK6YAoQsGklTchuPMvL5LGadl1yu7dWbFyncWRQwfoEJWQi85RBd2iKqojih7RM3pFb9aT9WK9Wx+z1iUrm9lHf2B9/gBL/pIV</latexit>

A B C

1� e�t
<latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit><latexit sha1_base64="r579th934v3ZURQcLd2ZgQSca+o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4aUlE0GPRi8cK9gPaWDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltlfhD1kFJ71S2a26M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0nzvOq5Ve/uoly7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9dB4+E</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+
<latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit><latexit sha1_base64="VZrFp0HGD1ic56Tks7yjcsDA6xI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVyQfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB8cUjNk=</latexit>

e�t ⇥ 1/3
<latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit><latexit sha1_base64="183Bff7+6VM3DtCS5kd9B1yl9MA=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgxTijgh6DXjxGMAskY+jp1CRNeha6a5Qw5lO8eFDEq1/izb+xsxw08UHB470qqur5iRQaHefbyi0tr6yu5dcLG5tb2zt2cbeu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/uB67DceQGkRR3c4TMALWS8SgeAMjdSxi3CfHeOItlGEoKl7ctaxS07ZmYAuEndGSmSGasf+andjnoYQIZdM65brJOhlTKHgEkaFdqohYXzAetAyNGJmkZdNTh/RQ6N0aRArUxHSifp7ImOh1sPQN50hw76e98bif14rxeDSy0SUpAgRny4KUkkxpuMcaFco4CiHhjCuhLmV8j5TjKNJq2BCcOdfXiT107LrlN3b81LlahZHnuyTA3JEXHJBKuSGVEmNcPJInskrebOerBfr3fqYtuas2cwe+QPr8wfEOJMC</latexit>

= 1� 2

3
e�t

<latexit sha1_base64="HA2PGFbzWOrv6+X31v/rIBDXe3M=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQvCTsRkEvQtCLxwgmEZI1zE56kyGzD2ZmhTAs+CtePCji1e/w5t84SfagiQUNRVU33V1+wplUjvNtFZaWV1bXiuuljc2t7R17d68l41RQaNKYx+LeJxI4i6CpmOJwnwggoc+h7Y+uJ377EYRkcXSnxgl4IRlELGCUKCP17INL7Fa6gSBU1zJ9msGDrqisZ5edqjMFXiRuTsooR6Nnf3X7MU1DiBTlRMqO6yTK00QoRjlkpW4qISF0RAbQMTQiIUhPT8/P8LFR+jiIhalI4an6e0KTUMpx6JvOkKihnPcm4n9eJ1XBhadZlKQKIjpbFKQcqxhPssB9JoAqPjaEUMHMrZgOiclCmcRKJgR3/uVF0qpVXafq3p6V61d5HEV0iI7QCXLROaqjG9RATUSRRs/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBAxyU4Q==</latexit><latexit sha1_base64="HA2PGFbzWOrv6+X31v/rIBDXe3M=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQvCTsRkEvQtCLxwgmEZI1zE56kyGzD2ZmhTAs+CtePCji1e/w5t84SfagiQUNRVU33V1+wplUjvNtFZaWV1bXiuuljc2t7R17d68l41RQaNKYx+LeJxI4i6CpmOJwnwggoc+h7Y+uJ377EYRkcXSnxgl4IRlELGCUKCP17INL7Fa6gSBU1zJ9msGDrqisZ5edqjMFXiRuTsooR6Nnf3X7MU1DiBTlRMqO6yTK00QoRjlkpW4qISF0RAbQMTQiIUhPT8/P8LFR+jiIhalI4an6e0KTUMpx6JvOkKihnPcm4n9eJ1XBhadZlKQKIjpbFKQcqxhPssB9JoAqPjaEUMHMrZgOiclCmcRKJgR3/uVF0qpVXafq3p6V61d5HEV0iI7QCXLROaqjG9RATUSRRs/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBAxyU4Q==</latexit><latexit sha1_base64="HA2PGFbzWOrv6+X31v/rIBDXe3M=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQvCTsRkEvQtCLxwgmEZI1zE56kyGzD2ZmhTAs+CtePCji1e/w5t84SfagiQUNRVU33V1+wplUjvNtFZaWV1bXiuuljc2t7R17d68l41RQaNKYx+LeJxI4i6CpmOJwnwggoc+h7Y+uJ377EYRkcXSnxgl4IRlELGCUKCP17INL7Fa6gSBU1zJ9msGDrqisZ5edqjMFXiRuTsooR6Nnf3X7MU1DiBTlRMqO6yTK00QoRjlkpW4qISF0RAbQMTQiIUhPT8/P8LFR+jiIhalI4an6e0KTUMpx6JvOkKihnPcm4n9eJ1XBhadZlKQKIjpbFKQcqxhPssB9JoAqPjaEUMHMrZgOiclCmcRKJgR3/uVF0qpVXafq3p6V61d5HEV0iI7QCXLROaqjG9RATUSRRs/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBAxyU4Q==</latexit><latexit sha1_base64="HA2PGFbzWOrv6+X31v/rIBDXe3M=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQvCTsRkEvQtCLxwgmEZI1zE56kyGzD2ZmhTAs+CtePCji1e/w5t84SfagiQUNRVU33V1+wplUjvNtFZaWV1bXiuuljc2t7R17d68l41RQaNKYx+LeJxI4i6CpmOJwnwggoc+h7Y+uJ377EYRkcXSnxgl4IRlELGCUKCP17INL7Fa6gSBU1zJ9msGDrqisZ5edqjMFXiRuTsooR6Nnf3X7MU1DiBTlRMqO6yTK00QoRjlkpW4qISF0RAbQMTQiIUhPT8/P8LFR+jiIhalI4an6e0KTUMpx6JvOkKihnPcm4n9eJ1XBhadZlKQKIjpbFKQcqxhPssB9JoAqPjaEUMHMrZgOiclCmcRKJgR3/uVF0qpVXafq3p6V61d5HEV0iI7QCXLROaqjG9RATUSRRs/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBAxyU4Q==</latexit>

P(   )



Multispecies coalescent on a tree

1� 2

3
e�t

<latexit sha1_base64="YGnSMj+CKVotBGwH8+vWeaiJQkU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCl5akCnosevFYwX5AG8tmu2mXbjZhdyOUEP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzczv/NIpWKRuNfTmHohHgkWMIK1kQZ22a32A4lJWs/S84w+pFWdDeyKU3PmQKvEzUkFcjQH9ld/GJEkpEITjpXquU6svRRLzQinWamfKBpjMsEj2jNU4JAqL50fn6FTowxREElTQqO5+nsixaFS09A3nSHWY7XszcT/vF6igysvZSJONBVksShIONIRmiWBhkxSovnUEEwkM7ciMsYmC23yKpkQ3OWXV0m7XnOdmnt3UWlc53EU4RhO4AxcuIQG3EITWkBgCs/wCm/Wk/VivVsfi9aClc+U4Q+szx8kpZRw</latexit><latexit sha1_base64="YGnSMj+CKVotBGwH8+vWeaiJQkU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCl5akCnosevFYwX5AG8tmu2mXbjZhdyOUEP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzczv/NIpWKRuNfTmHohHgkWMIK1kQZ22a32A4lJWs/S84w+pFWdDeyKU3PmQKvEzUkFcjQH9ld/GJEkpEITjpXquU6svRRLzQinWamfKBpjMsEj2jNU4JAqL50fn6FTowxREElTQqO5+nsixaFS09A3nSHWY7XszcT/vF6igysvZSJONBVksShIONIRmiWBhkxSovnUEEwkM7ciMsYmC23yKpkQ3OWXV0m7XnOdmnt3UWlc53EU4RhO4AxcuIQG3EITWkBgCs/wCm/Wk/VivVsfi9aClc+U4Q+szx8kpZRw</latexit><latexit sha1_base64="YGnSMj+CKVotBGwH8+vWeaiJQkU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCl5akCnosevFYwX5AG8tmu2mXbjZhdyOUEP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzczv/NIpWKRuNfTmHohHgkWMIK1kQZ22a32A4lJWs/S84w+pFWdDeyKU3PmQKvEzUkFcjQH9ld/GJEkpEITjpXquU6svRRLzQinWamfKBpjMsEj2jNU4JAqL50fn6FTowxREElTQqO5+nsixaFS09A3nSHWY7XszcT/vF6igysvZSJONBVksShIONIRmiWBhkxSovnUEEwkM7ciMsYmC23yKpkQ3OWXV0m7XnOdmnt3UWlc53EU4RhO4AxcuIQG3EITWkBgCs/wCm/Wk/VivVsfi9aClc+U4Q+szx8kpZRw</latexit><latexit sha1_base64="YGnSMj+CKVotBGwH8+vWeaiJQkU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCl5akCnosevFYwX5AG8tmu2mXbjZhdyOUEP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzczv/NIpWKRuNfTmHohHgkWMIK1kQZ22a32A4lJWs/S84w+pFWdDeyKU3PmQKvEzUkFcjQH9ld/GJEkpEITjpXquU6svRRLzQinWamfKBpjMsEj2jNU4JAqL50fn6FTowxREElTQqO5+nsixaFS09A3nSHWY7XszcT/vF6igysvZSJONBVksShIONIRmiWBhkxSovnUEEwkM7ciMsYmC23yKpkQ3OWXV0m7XnOdmnt3UWlc53EU4RhO4AxcuIQG3EITWkBgCs/wCm/Wk/VivVsfi9aClc+U4Q+szx8kpZRw</latexit>
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Maximum pseudolikelihood

(S-L, Ané, 2016, PLoS Genetics)

Quartet-based inference

Data

L̃(network) =
Y

L(quartet)

www.github.com/CRSL4/PhyloNetworks

https://solislemuslab.github.io/ @solislemuslab crsl4

https://solislemuslab.github.io/
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Y

L(quartet)
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Maximum pseudolikelihood

Quartet-based inference

Data

L̃(network) =
Y

L(quartet)

www.github.com/CRSL4/PhyloNetworks

(S-L, Ané, 2016, PLoS Genetics)

https://solislemuslab.github.io/ @solislemuslab crsl4

Unrooted gene 
trees No rooting error

No branch 
lengths

No molecular 
clock 

assumption

Concordance 
factors

Account for tree 
estimation error

https://solislemuslab.github.io/


Quartet-based inference

Concordance factors (CF):

% of genes having the quartet in their tree

3/5 1/5 1/5
https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Quartet-based inference
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How?
Phylogenetic network
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Phylogenetic network
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SNPs
Melisa Olave


SNP2CF

https://solislemuslab.github.io/


Network challenges
• Scalability


• Identifiability


• Network space


• Network comparison

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Scalability gains

(Solís-Lemus, Ané, 2016, PLoS Genetics)

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


In practice: 

flat pseudolikelihood

(S.-L., Ané, 2016, PLoS Genetics)

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


(Solís-Lemus, Ané, 2016, PLoS Genetics)

Accuracy

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician
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(Solís-Lemus, Ané, 2016, PLoS Genetics)

Accuracy

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


(Solís-Lemus, Ané, 2016, PLoS Genetics)

Accuracy
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Undistinguishable with the 
“displayed trees” criterion

Solution: Canonical 
network (“unzipped”)



Distinguishable under the MSC



Decomposing network in parental trees



Can we detect the 
presence of 

hybridization in level-1 
networks?

No Yes YesYes
(ni, nj ≥ 2) (ni ≥ 2)

Generic Identifiability ti ∈ (0,∞), γ ∈ (0, 1)



Idea of proof of identifiability: hybridization

System of equations System of equations
{CFnetwork} {CFtree}

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

(Solís-Lemus & Ané, 2016; 

Solís-Lemus et al, 2020)

https://solislemuslab.github.io/


Can we detect the presence of hybridization in level-1 
networks?

Yes
(ni ≥ 2)

In theory In practice

Sometimes

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Can we estimate 
numerical 

parameters?

No YesYes
Good triangle Good diamond

(t12 = 0) (n0, n2 ≥ 2)

Generic Identifiability ti ∈ (0,∞), γ ∈ (0, 1)



Identifiability matters:

SNaQ performance
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Bad diamond

(S.-L., Ané, 2016, PLoS Genetics)



Network challenges
• Scalability


• Identifiability


• Network space


• Network comparison

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

Displayed vs Parental trees

Level-1 semi-directed networks

Hybridizations: case by case

Missing: likelihood, level-k semi-directed

https://solislemuslab.github.io/


Network challenges
• Scalability


• Identifiability


• Network space


• Network comparison

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

Displayed vs Parental trees

Level-1 semi-directed networks

Hybridizations: case by case

Missing: likelihood, level-k semi-directed

K. Huber, V. Moulton, C. Scornavacca,…

Missing: path through tree space, semi-
directed
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Network challenges
• Scalability


• Identifiability


• Network space


• Network comparison

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

Displayed vs Parental trees

Level-1 semi-directed networks

Hybridizations: case by case

Missing: likelihood, level-k semi-directed

K. Huber, V. Moulton, C. Scornavacca,…

Missing: path through tree space, semi-
directed

Missing: distance function

Hardwired-cluster distance only for 
rooted networks

Summary of networks: clades!

https://solislemuslab.github.io/


Network summary

(S.-L. et al, 2017, MBE)



Network summary

Hybrid 

clades

Minor

sister 

clades



When?
Phylogenetic network

Data

TICR

https://github.com/nstenz/TICR

(Stenz et al, 2015, Syst Bio)

?

Goodness-of-fit test

Hypothesis test:


Is a tree a good fit?



Practical advice
• Do multiple runs


• Do bootstrap


• Check the .networks output file (especially 
if hybridization conflicts with outgroup)


• Choice of outgroup important!


• What is the quality of my input data (gene 
trees/CFs)?


https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Practical advice
• Do multiple runs


• Do bootstrap


• Check the .networks output file (especially 
if hybridization conflicts with outgroup)


• Choice of outgroup important!


• What is the quality of my input data (gene 
trees/CFs)?


When to stop?
(Cai and Ané, 2020)

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Xiphophorus 

fish data
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X. evelynae
X. variatus
X. couchianus
X. gordoni
X. meyeri
X. xiphidium
X. continens
X. pygmaeus
X. nigrensis
X. multilineatus
X. nezahuacoyotl
X. montezumae
X. birchmanni
X. malinche
X. cortezi

γ=0.17
γ=0.19

(Solís-Lemus, Ané, 2016, PLoS Genetics)

1183 genes, 24 swordtails and platyfish

(Cui et al., 2013)

http://solislemuslab.github.io/ @solislemuslab crsl4

http://solislemuslab.github.io/
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γ=0.19

• Sword index


• Female preference

Part II
I have the network, now what?

(Cui et al., 2013)
(Solís-Lemus, Ané, 2016, PLoS Genetics)



Trait models of evolution in networks
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Brownian Motion

+ weighted 

average in hybrid

(Bastide et al, 2018, Syst Bio)

Xh = �1Xp1 + �2Xp2

X ⇠ N(Xroot,�
2V)

• Phylogenetic signal

• Ancestral reconstruction

• Phylogenetic regression

• Phylogenetic ANOVA

www.github.com/CRSL4/PhyloNetworks
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• Sword index


• Female preference

• Ancestral reconstruction: 
common ancestor likely had 
sword


• Phylogenetic regression: 
positive association between 
sword index and female 
preference 
but not significant (p = 0.106) 




Test for transgressive evolution
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Single-effect transgressive evolution


Multi-effect transgressive evolution
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�h

�h = 0
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F tests



Test for transgressive evolution
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• Sword index: p=0.55

• Female preference: p=0.0064



• Step-by-step tutorial

• Online documentation

• Google user group

(Solis-Lemus & Ane, 2016; Solis-Lemus. et al, 2017)

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


is faster, but is it fast?

http://solislemuslab.github.io/ @solislemuslab crsl4

Phylogenetic network inference: Ongoing projects

Work led by Tyler Chafin

Postdoc: UW-Madison+CU-Boulder

• Parallel quartet 
likelihood 
computation


• Weights to quartets: 
deviations from 
expected CFs


• Sampling of quartets 
without biasing 
inference

n=10

n=20

ru
nt

im
e

ru
nt

im
e

sp
ee

du
p

sp
ee

du
p

corescores
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SNaQ limitation: Level-1 networks
Phylogenetic network inference: Ongoing projects

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Robustness for level-k networks

http://solislemuslab.github.io/ @solislemuslab crsl4

Phylogenetic network inference: Ongoing projects

Work led by Gustavo Ballen and 
Carlos Acosta

?
No results yet

• Simulate networks 
that are not level-1 
with SiPhyNetworks


• Simulate gene trees 
under those networks 
with Hybrid-Lambda 
(Zhu et al, 2015)


• Estimate a level-1 
network with SNaQ

http://solislemuslab.github.io/
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• Step-by-step tutorial

• Online documentation

• Google user group

(Solis-Lemus & Ane, 2016; Solis-Lemus. et al, 2017)

https://solislemuslab.github.io/ @solislemuslab crsl4 @thestatistician

https://solislemuslab.github.io/


Questions?


